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This rather technical paper presents some generalization of the results of recent publications [1|- 
where toy models of dimensional reduction of space-time were considered. 

Here we introduce and consider a specific type of multidimensional space-times with nontrivial 
topology and nontrivial Riemannian metric, which admit a reduction of the dimension d of the space 
to any lower one diow = 1, 2, . . . , d — 1. The variable geometry is described by several variable radii 
of compactification of part of space dimensions. 

We succeed once more in transforming the shape of the variable geometry of the d-dimensional 
spaces under consideration to a specific potential interaction, described by the potential V in the 
one- dimensional Schrodinger-like equation. 

This way one may hope to study the possible physical signals going from both higher and lower 
dimensions into our obviously four dimensional real world. 



I. INTRODUCTION 
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First, let us consider a (1 -|-3)-Dim manifold MJ^'^^^^ as a hypersurface in a flat pseudo-Euclidean (1 -|-5)-Dim space 



E 



1,5) ^ ^ ^ 



^5 with signature {+, — , — , — , — , — , } defined by the equations: 



|t(1,3) 

t(l>i4>2Z 



= i, ~ pi{z) COS(pi, X^ = P2{z) C0S(j)2, 

— Z, x'^ — pi{z) Silicfli, x'^ — P2{z) C0S(/)2, 
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assuming t € (— cxd,oo), z 6 (—00,00), and 01.2 £ [0,27r]. It is obvious from p.ip that the manifold 
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FIG. 1; Obtaining torus from a square by gluing the corresponding boundaries 
- a graphical representation of the double-periodic boundary conditions 



Physically this means that we consider the square {ipi, 02} G [0, 2tt] (g) [0, 2tt] as a flat domain with periodic boundary 
conditions for any field ^'(i, 0i, 02, 2^) = ^'(^,01 + 2ni7r, 02 + 2n2iT,z), ni,n2 being arbitrary integers. Thus we 
compactify some of the space dimensions, but instead of fixing the radii of compactification pi{z) and P2{z), we let 
them to depend on the non-compactified coordinate z. In the domains of very big values of the radii pi{z) and P2{z) 
the space will look like the usual fiat 3-Dim space. If one or two of the radii of compactification pi{z) and p2{z) 
become very small, the dimension of the 3-Dim space effectively reduces to a lower one. 
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The manifold is an obvious generalization of the (1 + 2)-Dini manifolds with cylindrical symmetry, considered 
in [H-lll- There we had x'^ and with fixed values, say zero. 



II. THE INDUCED RIEMANNIAN GEOMETRY OF THE MANIFOLD 



j(l,3) 



The restriction of the 6-Dim (pseudo)Euclidean interval '•^ks'^ = {dx°)'^ - (dx^)'^ - {dx'^f - [dx^f - {dx^f ~ {dx^f 
on the manifold (jLl|) induces the following simple (pseudo)Riemannian 4-Dim interval 

ds^ = dt^ - px{zfd(g - P2{zfd(g - (1 + p\{zf + p'2(z)^) dz^. (II.l) 

The 3-Dim (to be physical) space with Riemannian interval 

dl^ = px{zfd^\ + P2{zfd<g + (1 + p\{zf + p'^{zf) dz' (II.2) 

has a nontrivial scalar curvature 

(3)^^ 2 {P2{z) {{l+p',{zr))-px{z)p[{z)p',iz))p'liz) ^ 

p,{z)p,iz){i + ip[izw + {p',{z)r)' 

^ 2 (Pi(^) {il+p[izr))-P2iz)p[{z)p',{z))p'^{z) ^ 

p,{z)p,{z){i + {p[{z)r + {p',{z)r)' 



px{z)p2{z){l + {p[{z)r + {p',{z)y 



(11.3) 



but its 3-Dim Weyl tensor vanishes identically. Since we deal with a nontrivial 3-Dim Riemannian manifold, the 
vanishing of the Weyl tensor is not sufficient to conclude that the physical space with metric (jll.2[) is conformally flat. 
The necessary and sufficient condition for conformal flatness of 3-Dim space is to vanish its Taub tensor Q 

^''>T^p, = V„ ~ (l/4)(3)i?(3)g^^) _ - (l/4)(3)i?(3)<^^ 

In general, for the metric in (|II.2p the Taub tensor does not vanish. It is easy to check that the 4-Dim pseudo- 
Riemannian manifold with metric (jll.l[) is not conformally flat, too, since its 4-Dim Weyl tensor does not vanish. 

In the space-times at hand the 4-Dim scalar curvature coincides with the 3-Dim one pi.3|) . i.e., ^^^R = '■^^R. 

The obtained 3-Dim metric is diagonal with diagonal elements pi(z)^, p2{z)'^, and psiz)'^ = 1 -f {p[(z))'^ + (^2(2))^- 
The square root of its determinant is \/^^^g{z) = p-i{z) p2{z) pz{z) ~ \r^^g{z). 

The natural (orthogonal) tetrad basis e^a\z) (gap{z) = e'!^\z)e'a^{z)r]ab) for the 4-Dim interval pi.ip is needed to 
construct the Dirac equation, see for example the recent articles [343 ^^"^ references therein. In our case this basis 
is a very simple one: 

ei"H.) = I I , ei^Hz) - I 'V I . ei^Hz) = I J^, I , e(3)(z) = I " I . (II.4) 






Since the 3-Dim space is not conformally flat, the methods for studying the Dirac equation used in are not directly 
applicable to space-times with metric (jll.l[) if one does not consider the very special case pi{z) = P2{z) = Paiz). 

Obviously, taking the limit pi{z) — >■ 0, or the limit p2{z) — > 0, we are able to make a reduction of dimension of 
the physical space from d = 3 to d = 2. The simultaneous limits pi{z) — ^ and P2iz) — > will bring us to a one- 
dimensional physical space {d = 1). Hence, working with the toy- metric (|II.1[) . we are able to study different physical 
phenomena, related with dimensional reduction [IMS'! exploring all physically interesting lower dimensions; diow = 1, 2. 

HI. THE 3-DIM LAPLACIAN, NEW VARIABLES AND REDUCTION OF THE KLEIN-GORDON 
EQUATION TO THE 1-DIM SCHRODINGER LIKE ONE 

In the coordinates 0i , (/)2 , z the 3-Dim Laplacian reads 

Pi{zY p2{zy '^^ pi{zYp2{zY V Ps[z) V Pi{z) yy 
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The introduction of the new variable 



J Pl{z)p2[z) J pi{z)p2{z) 

is analogous to the one used in [sj^ and simplifies the form of the 3-D Laplacian: 

A3 = .^2 ^01+ ] ^2 ^lo+ I \2 I ^2 ^"' "^^^^'^ Ql,2{u)^ Pl,2{z{u)). (III.3) 

Consider the standard Klein- Gordon equation 

(□-Af2)(^ = 0, where □ = -9^-1- A3. (III.4) 

It admits a separation of the variables tp{t,(j)i,(j)2, z) ~ T{t)^i{(pi)^2{4'2)Z{z), yielding a system of ordinary dif- 
ferential equations (ODEs). Three of them are simple: T" + lu'^T = 0, ^ T{t) = e"*"* and $'/ + mj$i =0, ^ 
= e™!"*!, mi = 0,±1,±2,..., $^'-f-m|$2 = 0, ^ $2(02) = e*™2"^^ ma = 0,±1,±2,... The only 
nontrivial equation is the one for the function Z{z). Its explicit form 

/ P,iz)p2{z) / Pli^)P2iz) \\ / 2 _ ^,2_ ™? _ ™L^\ z = 0, (111.5) 

Pi{zYp2{zY \ P3(z) \ p3{z) J J \ ^ ' 

^ Z{z) — Z{z;uj,'mi,m2) 

recovers the physical meaning of the terms m\/ pi{zY and m|/p2(2)^. These describe the potential energy of the 
centrifugal-like forces which act for mi_2 7^ 0. One has to stress that these terms present a more complicated example 
of inertial forces. Such forces are an unavoidable feature of the motion in curved space-times. The inertial forces will 
certainly arise in the junction domains of transition between the parts of space with different dimensions Q. 
After the transition to the variable u = u{z) (see Eq. (jIII.2p ) Eq. pil.5|) acquires a Schrodinger like form 

^"{u) + {E- V{u))ij{u) = 0, (III.6) 

namely: 

^"{u) + ( - (Af2 - cj2^ Qi{ufQ2{uf - mlQ2{uf - mlgx{uf)xl;{u) = 0, (III.7) 

with identification E — V{u) = (M^ — w^) qi{uYq2{uY + m\Q2{uY + mlgi{uy, Z{z) ~ tl){u{z)Y. The relation 
with the analogous result in [3] is described once more in the footnote 1 on page 2. Hence, we can construct a large 
class of exactly solvable models, based on Eq. (|III.7p . see [3, Islj. 

There exists one more possibility: To consider the conformally invariant Klein-Gordon equation (CIKGE), discovered 
by Penrose and Chernikov-Tagirov The CIGGE in (1 + 3)-Dim reads 

(□ - (%/6) ^ = 0. (III.8) 

In this case M = and the potential V{u) ~ Vc{u) in Eq. (|III.6P has the following more complicated form: 

Vc{u) = ((%/6 - Qi{ufQ2{uf + m\g2{uf + mlgi{uf. 

Note that in the variable u instead of expression (|II.3p we obtain a much simplear one: 

= = 4^ f f + f - ^^V (III.9) 



glQ2 \\Qi/ \Qi/ Qi Qi 



^ We obtain the previous result [3] putting pi{z) = p{z), (f>\ = <f) and fixing the values of the P2{z) = 1 and of the angle cf>2, say 02 = 0. 
In variable u the 3-Dim interval I III.2I I acquires the form dfi = pi{z)'^d<j)f + p2{z)'^d(f>2 + ()i{u)^ ()2{u)'^du'^ . The tetrad basis IIII.4I I has 
the same form with pi,2(^) replaced with £ii,2(f), and P3{z) replaced with g3(it) = (}l{u)g2{u). 
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IV. A NATURAL MULTIDIMENSIONAL GENERALIZATION 



It is easy to obtain a natural generalization of the above results for higher dimensions d > 3. Indeed, let us consider 
a (1 + (i)-Dim manifold M^^'^'*''^^ as a hypersurface in a flat pseudo-Euclidean (1 + {2d — 1))-Dim space E^of f i|.L-i 
with signature {+, — , — , — , — , } defined by the equations: 



vi^.d) ./ x° = i, = pi{z)cos(j)i, X^'^ ^ = Pd-l{z)cOS(j)d-l, 

^2d-i ^ ^2 = p^(2)sin(/)i, x'^'^-'^ = pd-i{z)cos(j}d-i, 



assuming t G (— oo,cx)), z e (—00,00), and (t)i^...,d-i G [0,27r]. It is obvious from (jlV.ip that the manifold ^[^j^f^^^ 
has a structure mJ^''*^, = M,^^^ ® tI'*"^] (g) m1^\ T^if being the torus Ti''"^] = §W ^ . . . si^^ .The 

geometry of this (d — 1)-Dim torus reflects the multiply-periodic boundary conditions on the fields ^' in the problem 
at hand: ^'(i, 0i, . . . , (f>d-ii z) = ^'(i, 0i -I- 2ni7r, . . . , (/)rf-a + 2nrf_i7r, z), ni, . . . , nd_i being arbitrary integers. 

The restriction of the 2(i-Dim (pseudo)Euclidean interval (^''^ds^ = {dx^)^ — (dx^)^ _ . . . _ {dx'^'^~^)'^ on the manifold 
pV.ip induces the following simple (pseudo)Riemannian (1 + d)-Dim interval: 

ds^ = dt^ - piizfd^l pd-i{zfd(t)l^^ - pd{z)^dz\ (IV.2) 



where pdiz) = y 1 + p'i(z)^ + ■ ■ • + For d > 3 the d-Dim space with Riemannian interval 

df = pi{zfdcj)l + ■■■ + pd-i{zfd(l)l_^ + pdizfdz" (IV.3) 

has nonvanishing Weyl tensor and a quite complicated nonzero scalar curvature. 
In the coordinates (fii, . . . z the d-Dim Laplacian reads 



The introduction of the new variable 



u = = / — — —dz = / — — dz (IV.5) 

J pi{z) . . . pd-i(z) J pi{z) . . . pd-i{z) 

simplifies the form of the d-Dim Laplacian: 

^ i \2 ^li + ] \2 ^4>2 "I r\2 rT2^«' "^^^"^^ Qa=l,....d{'^) = Pa=l,....d{z{u)). (IV.6) 

gi[uy g2[U)'' Ql{uY . . . Qd-l{uY 

After the separation of variables in the corresponding KGE of type (IIII.4I) we obtain the following nontrivial Z- 
equation: 

f p,{z).. pd,{z) / P^{-)---Pd-.{z) Q \\ ^ f2 ^) Z = 0.(IV.7) 

p^{zf . . . Pd-i{zY \ Pd{z) V Pd[z) J J V P.-iWV ^ ' 

^ Z{z) = Z{z;uj,mi,...,md-i) 

The terms m\/ pi{zY , . . . , m?^_^/ p2{zY describe the potential energy of the centrifugal-like inertial forces which act 
for mi_..._(i_i =^ 0. 

Using the variable u we obtain instead of Eq. (|IV.7p Schrodinger-like equations pil.6p with potential 

V{u) = Qi{uf . . . Qd-i{uf ( _ ,^2) ^ mllQ^iuf + • • • + ml_Jgd-i{uf) . (IV.8) 
To construct CIKGE (jllLSp one has to use the space-time scalar curvature in u variable: 

\a=l V'^"/ Q,0=l;a</3 ^'^^P J / a = l 

It defines the potential Vc{u) for the corresponding Scrodinger like equation piLG^ : 

Cd-l 2 \ d-1 
^'+''^R/nd - + E ^ n ^'a' ^^^^^ "'^ ^ 4/(1 - 1/d). (IV.IO) 
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Thus, we succeeded once more in transforming the shape of the variable geometry in the d-Dim spaces under 
consideration to a specific potential interaction, described by the potential (jIV.8[) . or pV.lOp in the Schrodinger-like 
equations (jIII.6[l . 

Taking a different number of limits Pi_i{z) — >■ for some set of values of the index ^ we can describe the dimensional 
reduction phenomena in the space-times at hand reducing the dimension d of the space to any lower one diow = 
1,2,. 1. This way one may hope to study the possible physical signals going from both higher and lower 
dimensions into our real world which is obviously a four dimensional one. 
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